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Part A

Answer all questions. Weightage 1 for each. (8x1 =8 Weightage)
1. Prove that ¢(mn) = ¢(m)¢p(n), if gcd(m,n) = 1.
2. Find all integers n such that ¢(n) = 7.
3. Show that ¢(n) is even for n > 3. Moreover if n has r distinct odd prime factors, then

2" /p(n).

4. Give an example for a multiplicative function which is not completely multiplicative.

5. If f(x) = O(1) then prove that f(x) = o(x).

6. Ifz > 1, prove that lim, o ( M) _ H)

z log x ) = 0.

7. Find the quadratic residue modulo 11.

8. Working in 26-letter alphabet,using digraph enciphering transformation
C = 159 P + 580 (mod 676) , encipher the word "ON".

Part B

Answer any two questions from each module. Weightage 2 for each.
(6x2 = 12 Weightage)
Unit-I

9. Provethat H(z) =) ., f(n)G(%) = > .., 9(n)F($) where H(z) = >, h(n),

10. If both g and f % g are multiplicative, then prove that f is also multiplicative.
I1. Prove thatifn > 1, 37, A(d) =logn.

Turn Over



Unit-11

12. prove that lim, e M‘Zﬁ =1 = lim, . w _—
2
13 FOI'II/' > O, prOVC that 0 S ¢(€E) - 19(3:) < (log m)

z Tz — 2y/zlog2’

a

14. prove that for > 1, 3 Tn) = log z + O(1) where {a(n)} is a non-negative

n<c

sequence such that ) a(n)[£] = z logz + O(z) for all z > 1.

n<x

Unit-I11

2_1
15 For every odd prime p, prove that (2/p) = (—1)pT =1, ifp=+41( mod 8)

= —1, ifp=+43( mod 8).

2 3
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16.

Find the inverse of A = [ } € My(5%).

17. Determine whether -104 is a quadratic residue of the prime 997.

Part C
Answer any two questions. Weightage 5 for each. (2x5 = 10 Weightage)

18. For & > 2, prove that }_ []logp = zlogz + O(x) where the sum is extended over all
p<z

primes less than or equal to x.

19. Prove that prime number theorem ¥(z) ~ z — lim, @ = 0.

20. Show that the Diophantine equation y?> = x3 + k has no solutions if k has the form,
k = (4n — 1) — 4m? where m,n are integers such that no prime p = —1(mod4) divides
m.

21. You intercept the cipher text message "PWULPZTQAWHEF" , which you know was
encripted using an affine map on digraph in 26 letter alphabet. Most frequently occuring
digraph in the cipher text are "IX" and "TQ" in that order. It is known that the most
common digraphs in English language are "TH" and "HE" in that order. Find the
deciphering key and read the message.
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