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By using this we can construct a sequence 0,1 of simple functions such that fab  f 
< -1- and 11g7,11 < lifIl+ 	for every 71 > 1. 

Also, since lim f b  II f — g„Ilda = 0, we can choose a subsequence {g„,} such that 

g„, 	f. 
Now, g„, are integrable and ljg„, II < II f II + -7,-17-k- by dominated convergence theorem, 
f is Henstock-Stieltjes integrable with respect to a. 
On the contrary, suppose f is Henstock-Stieltjes integrable with respect to a. Then f 
is measurable and hence II f II  is Lebesgue-Stieltjes integrable with respect to a. Con-
sequently, f is Bochner-Stieltjes integrable with respect to a. 0 
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Abstract. In this paper fuzzy norm on a real or complex vector space is introduced. 
Fuzzy nonned space and fuzzy Banach space are defined. Boundedness of a lin-
ear transfonnation in F-nonned space (fuzzy nonned space) is also difined i.e., F-

boundedness. The quotient space of an F-nonned space is defined. It is proved 

that B(X, X'), the set of all bounded linear transfonnation from F-nonned space 

(X, N ,*) to (X', N. *) is a F-Banach space if X' is a F-Banach space. It is also 

proved that if X is F-Banach then so is the quotient space X/M, where M is a 

closed linear subspace of X. 

I. Introduction 

I have defined F-normed space, F-Banach space, Cauchy sequence and convergence 
of a sequence in F-normed space, F-Banach space F-boundedness of a linear trans-
formation on F-normed space and quotient space of F-normed space. We prove that 

B(X, X') the set of all bounded linear transformations from the F-normed space 

(X , N ,*) to the F-normed space (X, N, *) is F-normed space under the F-norm 

N(T,t) = Inf{N(T(x), t) 	E X} and with respect to the pointwise linear oper- 

ation defined by (T1 + T2)(x) = Tl  (x) T2(x) and (aT)(x) = aT (x). We have 

proved that if X' is F-Banach space then B(X, X') is also a F-Banach space. We 

have also proved that if Al is a closed linar subspace of an F-nonned space (X, N, *), 
then thequotient space WI is F-normed space with the F-norm of each cosec x Al 

defined as N (x Al, t) = supIN(x, + 7n, Wm, E M}. If X is F-Banach then X/A1 

is also F-Banach with the above F-norm. 
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2. Preliminary results 

DEFINITION 2.1. [1] A binary operation * : [0, 1] x [0,1] 	[0, 1] is called a t-norm 

if it satisfies the following conditions: 

1. It is associative and commutative. 

2. a *1 = a 

3. a * b < c*d whenever a < b and b < d, a, b, c, d E [0,1]. 

DEFINITION 2.2. A 3-tuple (X, N, *) is said to be a F-normed space if X is a real 

or complex vector space, * is a continuos t-norm and N is a function on X x (0, oo) 

satisfying the following conditions: 

1. N(x, t) > 0 

2. N(x,t) 	1 if. x 	0 

3. .N(kx,t) = 

4. N(x, t) * N(y, s) < N(x y, t s) 

5. N(x, .) : (0, an) 	[0, 1] is continuous. x, y, z E X, t, s > 0 

DEFINITION 2.3. A sequence {x„} in a f-nonmed space (X, N. *) is said to be con-

vergent to an element x E X if given t > 0, 0 < r < 1, there exists an no  E J (the 

set of all positive integers) such that N(x„ — x, t) > 1 — 7-, for every n > no. 

DEFINITION 2.4. A sequence {:rn  in a f-normed space (X, N, *) is said-  to be F-

Cauchy sequence if and only if for every e such that 0 < r < 1, t > 0, there exists 

no  E J such that 

N(x„ — 5,,t) > 1 — c for every 71, 'M > no. 

Equivalently a sequence {sr,} in a f-normed space (X, N. *) is said to be f-cauchy 

sequence iff given 0 < e < 1, t > 0 there exists no E J such that N (xn+p  — x„, t) > 

1 — € for every n > no, p > O. 

DEFINITION 2.5. A F-nonmed space (X, N, *) is said to be complete if every F-
Cauchy sequence in X converges in X. A complete f-normed space is called F-banach 

space. 

DEFINITION 2.6. A transformation T from the F-nonned space (X, N, *) to the F-
normed space (X', N',*) is said to be continuous at x E X if given ri, t 1  > 0, 

0 < 7-1  < 1, there exists rte , t1  > 0, 0 < r1  < 1 such that 

N(x — y, t > 1 — r1 	N'(T(x)—T(y).t1)>  

for every y E X. If T is continuous at each point x E X t's,-m it is said to be continuous 

on X. 

DEFINITION 2.7. A linear transformation T from the F-normed space (X, N, *) to 

the F-noised space (X' N' ,*) is said to be f-bounded if there exists an r, 0 < r < 00 

such that 
(T (x) , t) > N (x,t I 7-) for every x C X. 

THEOREM 2.8. Let B(X, X') denote the set of all bounded linear transformation 
from (X, N, *) to (X', N, *). Then under the minimum t-norm B(X, X') is a F-
normed space with respect to the pointwise linear operations defined by (T1+T2)(x) = 

Ti (x) + T2(x) and (oT)(x) = oT(x) and the norm defined by 

N (T ,t) = inf{N (T (x),t) x X}. 

.1_1X' is a F-Banach space then B(X. X') is also a F-Banach space. 

Proof: Let T1, T2 E B(X, X') and a a scalar, then 

N((T1 T2)(s), = N(Ti  (x) + T2 (3), t) 

> 	(s), t/2) * N(T2(x), t/2) 

Since T1  and T2 are F-bounded we have an M1  and M2  such that 

N(Ti (s), t/2) > (x, t/21111) and N(T2 (x),t12) > N(s,t/2/112). If M1  < IV, we 

have 

N ( (Ti + T2) (I' 
	> Ar(x,t121111 )*N(x,t,12Al2) 

> N(x.t12.1\12)*.N(s, t/2M2 ) 

N(x.t,12Al2) 	+ T2 

is F-bounded, since * is a minimum t-norm. 

If T is F-bounded, then 

N(GT)(3), = Na(T(x), 

= ..V(T(x),t/101) 

Arp:, tfitflol) 

for every .1- E X, as T is TT-bounded. 

aT is F-bounded. 

Therefore B (X „V) is a linear space. 
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Next we prove that N(T,t)= Inf {N(T (x), t)/x E X} is a F-norm. Let 

N(T,t) =1 

Inf {Ar(T(x),t)lx E X} = 1 

N(T (x), t) > 1 for every x E X 
N(T(x), t) = 1 as we have N(T(x), t) < 1 
T(x) = 0 

T =0 

Fuzzy bounded linear maps and quotient spaces 

line {N (T„(x) — T(x)), t)} —4 1 

N (T (x),t) = N(T(x) T„(x) — T„(x),t) 

> N (T„(x), t/2) * N (T (x) — T„(x), t/2) 

> N(T(x) —Tn(x),t12)* N(x,t1211I) 

Taking limits on both sides, 
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Suppose T = 0, 

T(x) = 0 for every x 

N (T (x) , t) = 1 for every x C X 
iiif {N(T(x),t)lx E X} = 1 

N(T,t) = 1 

N(kT,t) = inf{N(kT(x), tlx E X} 

= inf{N(T(x), tljkl)lx E X} 

= N(T,t111d) 

N(T1 + T2, t s) = inf N((T1 + T2)(x), t + s)/x C X 
= inf{N(Ti (x) + T2(x), t+ s/x E X} 

> inf {N(T(x), t) * N(T2(x), s) lx E X} 

= inf{N(Ti (x), 	E X} *inf{N(T2(x), s)/x E X} 

= N(T1, t) * N(T2, s) 

This proves that N(T, t) = inf{N(T(x), t)/x E X} is a F-norm on B(X, X'). We 
assume that X' is a F-Banach space and we prove that B(X, X') is a F-Banach space. 

Let {T„} be a Cauchy sequence in B(X, X'). Given c > 0, there exists an no 
such that N(T„ — T,71 , t) > 1 — c for every in, 'a > no. Let x E X 

N(T„ — Tr„, t) = inf {N(T„ — Tr„)(x),tlx E X} 

	

< N(T„ — 	, t) for every x E X 
i.e., N(T„ — T„,)(x),t) > N(T„ — T,,„ t) for every x E X. 

> 1 — c for every 71, na > no 
{T„(x)} is a Cauchy sequence in X'. 

	

{T„(x)} 	T(x), as X' is complete. 

N(T(x),t) > 1 * N(T(x),t12M) 

= N(x,t12AI) 

Tis F-bounded 

T„ (ax + f3y) aT„(x) 1377„(y). 

Taking limits on both sides we get, 

T(ax + /3y) = cAT(x) f3T(y) 

T is linear. Thus T E 13(X, X'). 

Finally we show that T„ —4 T. 
i. e., let t, c be given, since {T„.(x)} 	T(x), 

{N (T,i (x) — T (:r)),t)} > 1 — € for every a > 

Let .no  = suptlis  /x C XI. Therefore, 

{N(T„(x) — T(x)),t)} > 1 — c for all x E X, n > no 

infIN(T„(x) — T(x)), t)} > 1 — c for every 7-1 > no 

N(T„ — T, T) > 	c for every n > no  

T„ —4 T. 

Thus B(X, X') is a F-Banach space. 0 

THEOREM 2.9. Let M be a closed linear subspace of an F-normed space (X, N, *). 
Then the quotient space X /AI is a F-normed space with the F-norm defined by N (x 
Al. t) = sup{ N(x + iii. t)Int E M}. If X is a F-Banach space then X / AI is also a 

F-Banach space. 

Prnof. It can be easily verified that X/M is a linear space under the operations 

defined by (x + M)+ (y + 	= (37 y) 	a(3.! M) = ax+ 	, • y E X and 

(i is a scalar. Now we prove that XIAI is an F-normed space. The first three properties 



= 3'1 (2.1) 

= T2. (2.2) 

(2.3) 
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of the F-norm are trivial. We only verify the fourth property. 

N(:r -4- y+ Alt + s) = sup { (3. + y + 1n , t + s/nl E 

= sup{N(x + 	+ y + rn2,t + s)/ni ,rn2  E 

= sup{ N(x + ni t , t) * 	+ 7-n2 , s)/77 / 1 , 717 2  e 

= sup{N(x -1-n21,0/Titi  c 	* sup{N(x .7112, 	1n2 E 111} 

= 1\r (x + 111, t) * N + , 

The fifth property of the F-norm is trivial. 
We call X/AI the fuzzy quotient space of X by AI. 
Next new will prove that X/AI is F-Banach if X is F-Banach. Let sn  E X, (s„ + Al) 
be a F-cauchy sequence in X/Al. We shall extract a convergent subsequence from this 
Cauchy sequence as follows: 

	

Given G= 	t 	, we can find a positive integer n i  such that 

Ar ((su+1, 	(s,1 + Al). 	> 1— 2.1  ,en > ni. Let sit , 

Given e= A, t = we can find a positive integer n2 > n l  such that 

1 	1 

	

IV((sn+p 	— ( s„ + Al), 3 ) > 1 — 3, 'vd'1l > 11 2 . Let s71., 

Since 7 / 2  > 711, 3:1 and s2  will satisfy 

1 	1 
N((z72 4- Al) — 	+ An

' 
—
2

) > 1 — 
2 

	

Having choosen 	nk and 'r1 772 	, k we find 11 1 ±1  > -nk such that  
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Choose y, as X2 + tnt — mo. 

1 	1 
Therefore, N(yi — Y2, 	> 1  - 2 .  

In a similar way choose y3  G x3 + Al such that N(y2 — y3, •Ii ) > 1 — 

Continuing this manner we obtain a sequence {y,„) in X such that 

NT  (y7, - y„+i, 
rZ 

+ 

	

1 	

> 1 - 	• 
71 4-  1 

1 

We shall show that {y„} is a F-Cauchy sequence in X. 

Ne.Y.,+( — Yr,/ t) = Mgr/ - Yn+1 	lin+1 	Yn+2 Yn+2 	• • 4-  Yn+q-1 	t) 

t 	T 	 t 	xri 	

q N(Y, - Yn  +11 ) * V  On+ 	Yit -}-21 ) * 1V  On+2 	Yn+3,  ) * • • 

q 	 q 

• • • * IV(Mil-q+1  

choose > then 

Ney„+q  — y„, 	N 	— + 1 n + 	* IV  (Y11-{-1 1/"+2 ' n + 1)* 

	

1 
	

1 

1 
Yn+q' I/ 	11  

> N 	— Y70-1, n 	* • • • 

AT((s„+, + AI) — (s,1 + Al). 1/k + 2) > 1 — 1/k + 2\in > n k+i  

and let 	1 = 	• 

Hence we have obtained a subsequence {3..k + 	of { s„ A- Al} such that 

Ar (ja'k+i + Al) — (17k ± Al), 1/k + 1) > 1 — 1/k + 1 VC = 1, 2 3, ... 

We shall prove this subsequence converges to an element in X/Ai. 

Let p i  C :71 + Al, then yt = xi -4- 	711 t C Al. From (2.3) we get 

1. 
Al) — (1.- 1 + 	—) > 1 — 	sup V( {.-1.1  —372  +111. / In C 	- - 

2 	9 • 2 	 2 

implies there exists 100  such that 

1 	 1 	 1 NT( . 1 - 	2 --r- mo , 	— — 	1V(.c1 -1- 1111 ) 	(.1- 2 + 111 1 -- 1110). -) > 1 
2 	9  

* Nbn+q-1 Yn+q, n  4_ q  

n -1-1- 1 ) * 	

1 	 1 
> (1 	) * • • • * (1 — 

n 	q n + 2 

1 as 71 tends to oo 

Therefore {y„} is a Cauchy sequence in X. Since X is complete {y„} converges to y 

in X. 

Next we prove x„ Al 	y Al in XiAl. 

A((.r„ +A1) — 	+ 111 ) , t) = 	(1: — ?1 +'11, t) 

= sup ((N „ — y + 711,0/711  G 

sup((N(y„ 	— y, t)/nz G Al) 

> N (37„.  + 	— y, t) V 173 G Al 
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Since y„ = x„ 771„ for some 771„ C Al, we have, 

N ((x„ 	— (y AI), t) > N (y„ — y,t) 

> 1 — f, V n > 

implies i,1  + 	y -4- M. 
Thus we have obtained a convergent subsequence of the Cauchy sequence {s„ + Al}, 

this means {s,, + M} is convergent. 

Therefore X I .AI is complete. 0 
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