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By using thi

y ulsm;: tflns we can construct a sequence {g, } of simple functions such that fb IIf -
gullda < 5 and |lg,|| < If]| + L forevery n > 1. ‘
Also, since lim [*

so, since ”1320 SN = gullda = 0, we can choose a subsequence {g,, } such that
G — 1. A
Now, i

W, gn, are integrable and ||gn, || < || f]| + := by dominated convergence theorem

f is Henstock-Stieltjes integrable with respect 1o Q.
Qn thc‘comrary, suppose f is Henstock-Stieltjes integrable with respect to o. Then f
is measurable and hence || f|| is Lebesgue-Sticltjes integrable with respect to a. Con-

sequently, f is Bochner-Stieltjes integrable with respect to a. O
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Abstract. In this paper fuzzy norm ona real or complex vector space is introduced.
space are defined. Boundedness of a lin-
car transformation in F-normed space (fuzzy normed space) is also difined i.e., F-
boundedness. The quotient space of an [ -normed space is defined. It is proved
that B(X, X"), the set of all bounded linear transformation from F-nonmed space
" (X,N,*)to (X', N. %) isa F-Banach space if X' is a F*-Banach space. It is also
proved that if X is F-Banach then so is the quotient space X/M, where M is a

closed linear subspace of X.

Fuzzy normed space and fuzzy Banach

1. Introduction

ce, F-Banach space, Cauchy sequence and convergence
pace, F*-Banach space F-boundedness of a linear trans-
ace of F-normed space. We prove that

| have defined F-normed spa
of a sequence in F-normed s

formation on F-normed space and quotient sp
B(X,X'") the set of all bounded lincar transformations from the F-normed space

(X,N,x) to the F-normed space (X, N, *) is F-normed space under the F-norm
N(T,t) = Inf{N(T(x),1)/x € X} and with respect to the pointwise lincar oper-
ation defined by (Ty + T2)(z) = Th (x) + T2(x) and (@T)(x) = oT(x). We have
proved that if X' is F-Banach space then B(X, X') is also a F-Banach space. We
s a closed linar subspace of an F-normed space (X, N, %),
F-norm of cach coset =+ M
is F-Banach then X/M

have also proved that if M i
then the quotient space X /M is F-normed space with the
defined as N(x + M,t) = sup{N(z + m,t)/me M} IfX
s also F-Banach with the above F-norm.
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2. Preliminary results

DEFINITION 2.1. [1] A binary operation * : [0, 1] x {0,1] — [0,1] is called a t-norm
if it satisfies the following conditions:

1. Itis associative and commutative.
2.axl=a

3. a*xb < cxdwhenevera < bandb < d, a,b,c,d € [0,1].

DEFINITION 2.2. A 3-tuple (X, N, *) is said to be a F-normed space if X is a real
or complex vector space,  is a continuos t-norm and N is a function on X x (0, c0)
satisfying the following conditions:

1. N(z,t) >0
2. N(z,t)=1iff. z =0
3. N(ka,t) = N(xz,t/|k|)

4. ]

=

'(z,t)* N(y,s) < N(x +y,t+s)
5. N(z,.): (0,00) — [0,1] is continuous. z,y,z € X, ¢, >0
DEFINITION 2.3. A sequence {z,} in a f-normed space (X, N, x) is said to be con-

vergent to an clement 2 € X iff givent > 0,0 < r < 1, there exists an ng € J (the
sct of all positive integers) such that N(z,, — x.t) > 1 — r, for every n > ny.

DEFINITION 2.4. A sequence {z,} in a f-normed space (X, N, *) is sai¢ to be F-
Cauchy sequence if and only if for every € such that 0 < € < 1, ¢ > 0, there exists
ng € J such that

N(z, — Zm.,t) > 1 — € forevery n,m > ng.

Equivalently a sequence {x,} in a f-normed space (X, N.*) is said to be f-cauchy
sequence iff given 0 < € < 1,t > 0 there exists ng € J such that N (2,45 — T, t) >
1 — e forevery n > ng, p > 0.

DEFINITION 2.5. A F-normed space (X, N, *) is said to be complete if every F-
Cauchy sequence in X convergesin X. A complete f-normed space is called F'-banach
space.

DEFINITION 2.6. A transformation T' from the F-normed space (X, N, *) to the F-
normed space (X', N’ ) is said to be continuous at 2z € X if given ry,t; > 0,
0 <7y < 1, there exists 7, t, > 0,0 < 7, < 1 such that

N@ -y, t;)>1—r,= N (T(x) - T(y).ty) > 1 —ry,
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forevery y € X. If T is continuous at each pointz € X t'e2n it is said to be continuous
on X.

DEFINITION 2.7. A linear transformation T from the F-normed space (X, N,%) to
the F-normed space (X'N', *) is said to be f-bounded if there existsanr,0 <7 < 00
such that

N'(T(x),t) > N(x.t/r) forevery x € X.

THEOREM 2.8. Let B(X,X') denote the set of all bounded linear transformation
from (X,N,*) to (X',N.*). Then under the minimum t-norm B(X,X") is a F-
normed space with respect to the pointwise linear operations defined by (T1+12)(x) =
Ti(z) + To(x) and (aT)(z) = oT(x) and the norm defined by

N(T,t) = inf{N(T(z).t)/x € X}.

If X' is a F-Banach space then B(X. X') is also a F-Banach space.
Proof. Let Ty, T» € B(X, X') and a a scalar, then

N((Ty + T)(x).t) = N(Ti(x) + Ta(x).1)

N(Ty(2).t/2) * N(T2(x),t/2)

[\

Since T; and T arc F-bounded we have an Al and M, such that
N(Ty(x).1/2) > (x.t/2M;) and N(Ty(x),t/2) > N{x,t/2Mp). If My < My we
have

N((Ty + To)(@).1) > N(x.t/200) = N(z,t/2M)
~ N(z.t/2Mz) * N(x,t/2Ms)
= N{(r, f,/?/\‘[ﬁ) =T+ 1>

1

is F-bounded, since  is a minimum ¢-norm.

If T is F-bounded, then

N(aT)(x).t) = Na(T(x).t)
= N(T(x).t/la])
> N(x, t/M|o})

for every r € X, as T'is F-bounded.
= aT is F-bounded.

Therefore B{X. X') is a linear spacc.
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Next we prove that N(T',t) = Inf{N(T(z), t)/x € X} is a F-norm. Let

N(T,t)=1
= Inf{N(T(2),t)/re X} =1
= N(T(z),t) > 1foreveryz € X
= N(T(x),t) = 1 as we have N(T(x),t) < 1
=T(x) =
=T=0

Suppose T' = 0,

= T(z) = 0 forevery x
= N(T(x),t) =1foreveryr € X
= inf{N(T(z),t)/Jze X} =1
= N(T.t) =
N(kT,t) = inf{ N(kT(z),t/z € X}

=inf{N(T(x),t/|k|)/x € X}
— N(T.t/IK])

N(T + Tyt +s) =inf N(Ty + T2)(z),t + 8)/x € X
=inf{N(T\(z) + To(x),t + s/z € X}
2 mf{N(T(z),t) x N(Tz(x),s)/z € X}
=inf{N(Th(2),t)/z € X} x inf{N(Tz(z),s)/z € X}
= N(Ty,t) * N(Tz, s)

This proves that N(T,t) = inf{N(T(z),t)/z € X} isa F-norm on B(X, X'). W

assume that X" is a F-Banach space and we prove that B(X, X') is a F-Banach space.

Let {T},} be a Cauchy sequence in B(X, X’). Given € > 0, there exists an ng
such that N(T;, — T},,,t) > 1 — e forevery m, n > ng. Letz € X

N(Ty = T, t) = inf{N(T}, — Tr,)(2),t/z € X}
SN(Tn —Tn)(x),t) foreveryx € X
ic, N(T,, = T,.)(x).t) > N(T,, — T, t) forevery z € X.
> 1 —eforevery n,m > ng
= {T,,(z)} is a Cauchy sequence in X",
= {T.(x)} = T(x), as X' is complete.
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,Ilill;o{N(Z'(m) - T(x)),t)} =1
N(T(x),t) = N(T(x) + T (z) — Tu(x), t)
> N(Tn(x),t/2) x N(T(x) — T (), t/2)
> N(T(z) — Tn(x),t/2) * N(z,t/2M)

Taking limits on both sides,

N(T(z),t) > 1 N(T(x),t/2M)
= N(z,t/2M)
= T'is F-bounded
T.(ax + By) = oTn(x) + BT (y).

Taking limits on both sides we get,

T(ax + By) = oT (x) + BT (y)
= T is lincar. Thus T € B(X, X").

Finally we show that T;, — T..
i. ¢, leti.ebe given, since {T5,(2)} — T(x)

{N(Tn(x) = T(x)),t)} >1—eforeveryn 2 ny
Let ng = sup{n,/z € X}. Thercfore,

{N(T,,(x) = T(x)),1)} >1—cforalla € X,n >mng
= inf{N(T,,(z) — T(x)),t)} >1 — e forevery n = no

N(T,, —T.T) > 1—eforeveryn > ng
=T, —T.

Thus B(X, X') is a F-Banach space. O

THEOREM 2.9. Let M be a closed linear subspace of an F-normed space (X, N, ).
Then the quotient space X /M is a F-normed space with the F-norm defined by N (x+
M. t) = sup{N(x + m.t)/m € M}. If X is a F-Banach space then X /M is also a
F-Banach space.

Proof. 1t can be casily verified that X'/A{ is a lincar space under the operations
defined by (x + M)+ (y+ M) = (x+y)+ M.oa(x+ M) = ax+ € M, 2.y € Xand
o is a scalar. Now we prove that X'/M/ is an F-normed space. The first three propertics
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of the F-norm are trivial. We only verify the fourth property.

Na+y+Mt+s)=sup{N@@+y+m,t+s/me M}

=sup{N(z+my +y+mo.t +s)/my,ms € M}
=sup{N(z+m.t)*x Ny +mo,s)/my,mo € M}
=sup{N(a 4+ my,t)/m; € M} *sup{N(x + mo,1)/my € M}
= N(x+ M t)«N(y+ M.s)

The fifth property of the F-norm is trivial.

We call X'/A the fuzzy quotient space of X by Af.

Next new will prove that X/A{ is F-Banach if X' is F-Banach. Lets,, € X, (s,, + M)

be a F-cauchy sequence in X /M. We shall extract a convergent subscquence from this
Cauchy sequence as follows:

Given €= %, t= %, we can find a positive integer 1y such that
. 1 1
N(($nep+ M) = (sa + M), 5) >1- i.Vn >ny. Lets,, = 2.1

Given €= l‘ t= 15 we can find a positive integer rip > 1y such that

. 1 1
/\’((S,H,_,, + A[) — (S” + .’U)q 5) >1 - § n > 9. Let Sy = T2, (22)
Since 1y > 1y, xy and ay will satisfy
1 1
N((xg+ M) — (r + 1\1).5) >1—§. (2.3)
Having choosen 1y, ng, ... ng and xy, 2., .. 2 we find 1y > ny such that

N{(($pap + M) = (sn +8),1/k4+2) > 1= 1/k+2Vn > npyy
and let s, = k1.

Hence we have obtained a subsequence {ay + M} of {s,, + M} such that
N((rgar + M) = (@x + M) 1/k+1)>1 - 1/k+1 ¥k =123

We shall prove this subsequence converges to an element in X/AL
Lety, € oy + M, thenyy = ay + miy, 1y € M. From (2.3) we get

o1 1 . 1, . 1
N((ry+ M) = (xy + ). 5) > 1-5.=sup N({ry—ao+m. S/me Mp>1-2.
implies there exists my such that

1

o

. 1\ 1 . ) ) o
N{ry = a9 4+ my, 5)> 1-— 5.:> N{oy +rny) = (o +my = mg). ;‘) >1-—
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Choose y3 as x2 + 1ty — 1M0.
' 1

1
3>y

Therefore, N(y1 — y2,
1 1
In a similar way choose y3 € z3 + M such that N(y2 —y3,3) > 1 — 3-

Continuing this manner we obtain a sequence {yn} in X such that

Ny, —1 *—1—\>1————‘
(Yn Ynrr 77 1

We shall show that {y,,} is a F-Cauchy sequence in X.
e - 1 at
“’V(U'l+q — Yn, t) = N(Yn = Yn+1 T Yn+1 — Un+t2 + Ynt2 — + Yntqg—1 — Un+q )

t
t , t 7 _ i
A’r(yn — Yn+1: a) * N(Ynt1 = Ynt2s a) * N (yn+2 Yn+3s (1)

Y%

cook N Ynggr1 — y1l+q;)

choose f—[ > —1- then

n+1
. 1 "
A’(!]n-ﬁ—q - yrnt) 2 i\‘y(.l/n — Yn+1s n+ 1) * ]\'(.Unﬁ-l — Yn+2; m
1 A
ceok 1\"(yn-f—q—l — Yn+gq: :Il—:——l)
J 1 ),y
Z ]\’ ('.‘/n = Yn+1s n +1
1
* I\r(yn+q—] = Yn+q: m
1 1 1
- - Vaooox (1= —)
z( n+1)*(1 n+2’ ( n+q

— lasntendsto oo

Therefore {y,} is a Cauchy scquence in X. Since X is complete {y,,} convergestoy
in X.

Next we prove @, + M — y + M in X/M.

N((a, + M) = (y+ M).t) =N, —y+ M. t)

sup((N(z, —y +m,t)/me M)
sup((N(r, +m —y, t)/me M)
N(x, +m—yt) YVme M

Il

il

v
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Since y,, = T, + m,, for some m,, € M, we have,

Ar((l.n + A[) - (',1/ + A/j)vf) 2 ]\Y(y” - yvt)
>1—¢€ Vn>ng,

implies 2,, + M — y + M.
Thus we have obtained a convergent subsequence of the Cauchy sequence {s,, + A},
this means {s,, + M} is convergent.

Therefore X /M is complete. O
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