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Part A

Short answer questions.
Answer all questions.
Each question has 1 weightage.

LetAEL(@®R , )andBEL(R ,R ).Prove that [BA| [B|[A].

Let X and Y be vector spaces and let A E L (X, Y) be such that for all x E X Ax =0 implies x =0.
Prove that A is one to one.

Letf R —R!Dbegiven by f(x,y,z)=x%+v2+23 4242472 Find the gradient of f at
2, 3, 1).

State inverse fu ion theorem.

Let f=(f,72) 1e mapping of R? into R2 given by f; (x, y) =e* cos y, 1 (X, y) =ex sin y. Show

that the Jacobian of f is not zero at any point of R%.

Let At be aa- algebra and let {E;} be a sequence of elements in A. Prove that

Prove that if m*(A) = 0, then m* (A u B) =m* (B).

Let {E,} be a sequence of disjoint measurable sets and A be any set. Prove that :

m*[Am UE, =m* (AnE).
i=1

. Is the characteristic function X (0,1) measurable ? Justify your answer.
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Let f and g be measurable functions defined on a set E of finite measure. Iff=ga.e.,then prove

that [f = [e.

E =
Let f be a measurable function. Prove that f* and f are measurable. Also prove that f = ft—f-.
Let {fn} be a sequence of measurable functions such that £, — f in measure. If f, > f a.e. ?
Justify your answer.

For functions fand g, prove that D, (f +g) D, f +D. g.

If fis absolutely continuous on [a,b] and if £ (x) # 0 for all x E [a, b], then prove that 1 is absolutely

continuous on [a, M.
(14 x 1 = 14 weightage)
Part B

Answer any seven from the following ten questions.
Each question has weightage 2.

0 if (x, ¥)=(0, 0)
Let f(x,y)= 3 dub nit vector in R?, irectional
fx,y) IR SR . y) % (0, 0) and u be any u Show that the directiona
X +y
derivative (D_f) (0, 0) exists.

Let [A]l, be the matrix obtained from the matrix [A] by interchanging two columns. Prove that
det [A], = — det [A].

Prove that the outer measure is translation invariant.

Let E be a measurable set and let E>0. Prove that there is an open set O DE such that

m* (0 E)<E.

Let E1, E,,...E  be a disjoint collection of measurable sets and let 9= g;m(E;). If m (Es) < « for

each i, then prove that I(p = am(E).
i=1
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O if x is rational

Let f [0,1] 11 be given by f(x)= T ]
N if x is irrational
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where n is the number of zeros

immediately after decimal point in the representation of x. Show that f is measurable and evaluate

Jo

Let {f, } be a sequence of non-negative measurable functions that converge to f and let f, s f for

each n. Prove that If=1im jfn-

Show that if f is integrable over a measurable set E, then Im When does equality occur ?

Justify your answer.

If fis of bounded variation on [a, b], then prove that f'(x) exists for almost all x in [a, b].

Prove that absolutely continuous functions on [a, b] are of bounded variation on [a, M.

Part C

Answer any two from the following four questions.
Each question has weightage 4.

(7 x 2 =14 weightage)

Let E be an open set and let f E — R™ be a mapping differentiable at a point x E E. Prove

that the partial derivatives (Djn) (x) exist and f' (x) e, = Z M,f) ®)u, where 1 j n.
=1

(1) Prove that there exists a non-measurable set.
(ii) Prove that Cantor set is of measure zero.

(i) Prove that for each a E Et, the interval (a, ) is measurable.

(i) Let f and g be non-negative measurable functions defined on a measurable set E. Prove

that [F +g=[f |e
E E=

(i) Let {f,} be a sequence of measurable functions that converges in measure to f. Prove that

there is a subsequence {fm that converges to f almost everywhere.

(ii) Let f be an integrable functionon [a, b] andlet F (X)=F (a)+ jf (t) dt. Prove that

F' (x)= f (x) for almost all x in [a, b].

a

(2 x 4 = 8 weightage)
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