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Part A

10.

11.

12.

13.

14.

Short answer guestions 1-14. Answer all questions.
Each question has 1 weightage.

L et X be avector space and let dim X = n. Prove that a set E of n vectors spans X if and
only if E isindependent.

Let AE L( ) and let x E R®. Provethat A'(z) =A.
Define contraction mapping on a metric space and give an example of it.
Let f =  f,) bethe mapping of R? into R? given by
fl (X,y) =excosy, f2 (x,Y) =exsiny.
Show that the Jacobian of f isnot zero at any point of R.
Find the Lebesgue outer measure of the set {1+ 2—n :n=123,...}
Let A and B be measurable sets such that A C B. Prove that m*(A) < m* (B).
Isthe set of irrational numbersin the interval [1,100] measurable? Justify your answer.
Prove that constant functions are measurable.
Give an example where strict inequality occur in Fatou’s lemma.
Show that if f isintegrable, thensois|f|.

Let {f,} be asequence of measurable functions defined on ameasurable set E of finite
measure. If f, F a.e., then provethat {f.} convergesto f in measure.

Show that D*[—f (X)] = —D. f (¥).
Show that if a< ¢ < b, then T® = T¢ + T7.

Prove that sum of two absolutely continuous functionsis continuous.  (14x1=14 ¥Ei§2tg\%gr
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Part B
Answer any seven from the following ten questions (15-24).
Each question has weightage 2.

15 Let Q2 be the set of all invertiblelinear operatorson R ™. Provethat 1 is an open subset of
L (R" )
16. Let
0 if (x,y)=(0,0
e ={"_ (xy) =(0,0)
75,7 1T (XY)  (0,0).
Prove that (D; f)(z,y) and (D.f)(z,y) exist at every point of 1R2,
17. If By and E2 are measurable, then prove that
m(E1 U E2) m(E1 n Eg) = m(E,) m(Ez)
18.  Prove that sum of two measurable functions defined on a same measurable set is measurable.
19.  Prove that the characteristic function 4z is measurable if and only if E is measurable.
2. LetELE2, B bedisjoint measurable setsand let 0 =Y a;xz,. Prove that
i=1
/(,0 - Za;m(E;).
i=1
21. Let E beameasurable set and let f, g beintegrable over E. Provethat f + g isintegrable
over E and
/ f+g= / g.
E E E
22. Let f beafunction defined by
O if Xx=
F () { ifx=0
zsin(l) if xL O,
Is f differentiable at x = 0? Justify your answer.
23. If f jsof bounded variation on [a, b], then prove that f'(z) existsfor Amost al x in[a, b].
24. 1f f isabsolutely continuous on [a, bb then provethat f js of bounded variation on [a,b)].

(7 x 2 = 14 weightage)
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Part C
Answer any two fromthe following four questions (25-28).
Each question has weightage

(8) Let E be an open subset of R™ and f maps E into m. If f s differentiable at a point
X E E, then prove that the partial derivatives (D; f,)(x) exist.

(b) If [A] and [B] are n by n matrices, then prove that

detail][B]) = det[A] det[B].

(a) Prove that outer measure of an interval isits length.
(b) Let {E;} be a sequence of measurable sets. Prove that

m (U E,) <  m(E).

(a) State and prove bounded convergence theorem.

(b) Let {f.} be a sequence of non-negative measurable functions and £ () F (> amost
everywhereon aset E. Prove that
fn lirn/ fn,
E E

Let f be anincreasing real valued function on the interval [a,b]. Prove that f isdifferentiable
almost everywhere, the derivative ' js measurable and

F'(=) 51p) - (a).
(2 x 4 = 8 weightage)
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