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CONVEX SIMPLE GRAPHS AND SOLVABILITY

In this chapter, we continue the study of

properties of convex simple graphs. Motivated by a problem

posed in [41], we define the notion of solvability and make
•  ̂ observation that, all trees of order at mostan interesting onseLv

solvable and that the bound is sharp. All trees ofnine are soivanie

diameter three, five, and those with diameter four whose

central vertex has even degree are also solvable. However,

a characterization of solvable trees is yet to be obtained.
f similar type with respect to m-convexity isA problem of similar typ®

j  Uf. then discuss about the center of d.c.s
also discussed. we

gr„h.. «. "-'I""" ""
pr.p«tl.= of ""

this chapter are in [60].

3.1 SOLVABLE TREES

In this section, we introduce the notion of
with a d.c.s graph, to answer the

1..1 frpes associareusolvable trees

foil owing,
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PROBLEM [41] Describe the smallest distance convex simple
graph containing a given tree of order at least four.

,  r xr For a tree T which
K  is such a graph for for a cr

1  f V and V be the bipartition of V(T) withis not a star, let ana

,  . K is a d.c.s graph containing a tree
I  Vj^|=m,|v2|=n' then

Mc to T However, to find the smallest d.c.s.isomorphic to i.

,„ph, .. »».. W 2.4. th.t, .o, '"P"
, > 2P-4 .nd th. 1»»" " .lt.l«.d H .nd o»l, H It

.  T if there exists a
is planar. So, for a given tree

^  containing T as a spanning
planar d.c.s* v*

will be the smallest d.c.s. graphsubgraph, then that will

.  • T This observation leads us to,containing •

,  a free T is solvable if there is a planarDefinition 3.1- ^ tree T
■  1- oraph 0 such that T is isomorphic todistance convex simple graph

a spanning tree of

P,o» th. " '• ■="" "l.n
4n the following discussions we.  Hence, m rn®is not solvable.

,  frees which are not stars,consider only



69

A USEFUL ORAPH OPERATION:

J,e shall now describe an operation frequently used
r«f u and V € V(0). Join u to all the

in this section. bet u ana v

in

„.ullln, nr.ph in ^.n«tnd b, <=•(",.) nnd in thin .r.pb
N(u) = N(v).

....rtS.l o 1. b>."«

„,v,.(n) nnd »(»> •" *» ""
.  n.K Also, if u and v are partners thenG«(u,v) is planar. Also,

0*(u,v) 0.

.emma 3.X. Any path of lenqth at least four is solvable.

proof: bet P be a path of lenqth at least four and let
Then N.(U) consists of two noh-adjacent vertices

1 and N (u) is either a pair of non adjacent
for i=l/2/ • • r

nr a Singleton according as C(P) K or K , wherevertices or a &inw

r is the radius of P.
I, n - <u>+<N(u)>+...+<N„(u)> is a planar d.c.s.

NOW, the graph 0 - " r
□

graph containing P*
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Theorem 3.2. Any tree of order atmoat nine is solvable.

Proof. If T is a path then it is solvable by the lemma 3.1.

Suppose that T is not a path. Let u be a vertex of T such

that d(u) > 3 and let N(u) = {a^, Sj, • • ■ , n > 3.

case I. Any vertex in is of degree one.

Assume that d(aj) = min{d(a^):a^€ N(u)}. Choose

u'€ N2(u) such that n N(.,)\{u'} = f Construct
0  T*(u,u')*(a^,a2)*...*(a^.^,a^) if n is even and

0 ̂  T*(u,u')Ma2.a3)*...*{a^_l,a^) if n is odd.

using theorem 2.3 and the remark 2.3, it follows that 0

is a planar d.c.s. graph which contains T.

There is a vertex in N^Cu) of degree at least two.
O&S® A X •

Choose u-e NjCu) such that d(u-) = max{d(v):V € N^Cu)} and
.  _ V }. Let N = N(u) U N(u'). Note

let N(u') = {Vj.Vj,..

that, m > 3. Since |V(T)| < 9, N(v^)-{u,u'} = ^ for at

least one value of i-

1. N(u] U N[u'] = V(T). Then T*(u,u') =« Kj p.2 is

such a planar

Sub case

d.c.s. graph.
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sub case 2. N[u] U N[u'] p' V(T), but

N[u] U N[u'] U (U N(v.)) = V(T).
i = l

Without

N(v^)\{u,u*} = 0-

loss of generality assume that

r.,ui„d

if m is even and T*(u,u*)*(v2.V3)*...*(v^_1,vJ if

odd.

m«„,U»t»'lU(U »(v,))-(T). but

m

)] = V(T).
H(u] U«[u'] U U [

Here, note that N(v,)\tu,u'} ^ for at most two values
land 2. Let w.^ H(v^)S {u,u'} be such that

of i, say 1 en® ^ 1

lur-rll < 9, d(w,) can not exceed three. If
d(w ) a 2. Since |V(TJ| - i

d(„\ = 3, by the choice of u', we can see that w^e N^(u) in
^  , be the u-w path in T (That is,

T and let u-v^"® '^1 1'

« N(u) and v^^ N(u')).

r 0= T*(«,w,)*<^''2> required planarNow, G a ' ^ 1 1 ^

d.c.s. graph.
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If d(w ) = 2. let w^e H(Wj^)\ then

T*(u,u')*(w ,v^)*(V2,Vj) is the required graph.

m  m

sub case 4. N[u] U N[u'] U ( U N(v )) U ( U N2(v^)) ̂  V(T)
i=l i=l

Then,
m m

N[u] U N[u-] U ( U «(v,)) u ( U N^Cv^)) u ( U N3(v.)) = V(T).
i=l i=l 1=1

Note that, N(v.)\ {u,u'} <t>. for only one value of i, there

is only one vertex in it and there are two vertices w^

and W3 such that w^w^ and w^Wj^ E(T).
Then, tMu,u')*(v^,W2) the required graph.

Remark 3.2. In theorem 3.2 the upper bound for the order of

T is sharp. Consider the tree T of order 10,

T:

Fig. 3.1

A non- solvable tree of order 10 and diameter 4
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t.- " ■ uni,u. -o.,
f,«/„ a ) and 0«(x..u) —"

^ a or u because i
^  i = l,2,3 and j=l,2 6. Hence can

contain a triangle for
„ H i. Then there will be one x. for

only be x . for some 3 »=

which there is no partner.

,1 classes of trees are solvable., , The following classes
Theorem 3.3.

(a) Trees of diameter three.
, diameter four whose central vertex has even

(b) Trees of diam

degree.

(o) Trees of diameter five.

m,nX  , 1 since T is of diameter three, T =« SProof:(a) Since

1  9 'i form/n> t^*(Definition 1• - K

d c be the central vertices andLet c and . k 1
a } and N(c ) = ,b ,...,b^}.

let N(c 1 = {^'^2 2 1
c ) is a planar d.c.s. graph containing

Then T*(b^,Ci)*(^l' 2'

T as a spanning tree.
- 4 and the central vertex c has even

(b) bet diam(T) -

degree.
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Let N(c) =

(c) Let diam(T) = 5. Then T will be as in Fig. 3.2.

o

*o

Al

\

□

n

B
1

-O
■E,

B
m

Fig. 3.2

Clearly A. and B. are independent sets and are nonemtpy for
at least one value each of i and j, i = 1.2 n and
j = l,2 , . . . .n>.

easel. Both n. and n are^even.
(c a ... ,a } U (.UjAi) and b^}U( .y^B^)Then

=  ..av T and T, respectively. Note thatinduce trees say 2

)  5 for i = 1,2.Choose a c^ from some A^^ and a cj
from some B^. Then

i\*/e. n . .*(a ,,a ), and0 - Tj*(c^.c')*(a^.a2) • • • 1 ^-1' n''
.\*rb b.)*...*(b , ,b^) are planar d.c.s

2  ̂
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.  rn anH T iTcspsctiv©lY• How* ©inbfid G-
graphs containxng 3"^" 2

,  . lie in the exterior face. Then,
and G so that Ci'°2' X' 2

n' Note that the resulting graphjoin and to c^ and c^•

^ for each vertex of degree at least 3 thereG is planar and for eacn

I  TT^nCG G i® d • C • S •
is a partner u . Hence

case 2. m is even and n is odd.

OK • ,v d(c ) = n+1, which is even andObviously/
n

h  ,b } U (.UiAi){c^,C2,aj ^

T' of diameter four and C (T') =
form a tree, say

rtex a^ from some Ri- Now,

tc^).

Choose a ve

graph containing T.

m-1 in

T*(a

is a pianar d.c.

odd.

case 3. Both m and n are
is a spanning tree of the planar d.c.s

Here

graph,

(a,,a,)*..-Ma^_^,a^)

*(b2,b3)*...*(b^_^,b^)
□
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3.3. (i) in lb). 1« «b« ""

d.5,r.,, Ih. rn.uU n.nd not b. In M, 3.1.
(li) Thnr. oxl.t. non 3ol..bl. tton. of diim.t.r .!«. «lso,
1, .nd V, .to th, blpnttltion of V(T) onoh th.t |»J i.

t  •» nf V is of degree greater than 2, then
odd and each vertex of

T is not solvable.

•  4i=.r to the problem discussed earlier.
We ask a problem similar to tne p

PROBLEM: Find the sma

tree T,ItI > 4.

llest m.c.s. graph containing a given

>  <5 K is such a graph and its
If T = ""apn

Size is 2n.

of the smallest m-convex simple graph
Theorem 3.4. The size

m -s? ) satisfies,
containing a tree i,n

^  5 where lv(T)| = P and m is the numberp.l+(„/2) < q ^ 2, wh I

of pendent vertices.

. „ - pendent vertex of T and v be the vertex
Proof, bet be a P

,, u be the other pendent
.. fo u . bet u \adjacent to

vertices adjacent
TPt V ,v be the pendentto V. her ^1' 2 ^
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vertices other than u.s. Add edges to T such that

{u^,U2 "k' ̂ '^2 V Induce a tree in which
{u^.u^ u^} and v^} is a bipartition. This is
possible by taking a spanning tree of . The resulting

1  sinH neither a vertex nor an edge cangraph is triangle-free and nexcnei

X. t!n bv theorem 2.12, G is an m.c.s. graph andseparate G. oO/

.  1+/+k-l = p+m~2 where m is the number of
size of G IS p-l+^+K J- V

4= T *?o size Q of the smallest m^c.s.pendent vertices of T. So size u

graph is atmost p+m-2.

NOW, note that m.c.s. graphs are triangle free

J  U all vertices are of degree at least two.blocks and hence all ver

.. T a block, the degree of each pendentTherefore, to make T

fo be increased by at least one. So, atvertex is to oe i"

r~mn j o are to be added and henceleast] ̂  [edges are to o

rm~l . 0-1+-. □q > p-l+l 2 I ^ P 2

The following example illustrate that there are
Urxth the bounds. Consider the tree T intrees attaining both tne 1

Fig 3.4.
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T
o  Here p=9, m=6

Fig. 3.4

The graph G in Fig 3.5 is an m.c.s. graph of si

q = 11 = P-1+" ' containing T.

se

Fig. 3.5

Consider the tree of Fig 3.6. In is

i. oiv X > is totally disconnected. So,
;  Clique such that

__a_h at least five edges are to be added,
o get an m.c.s. g

O, q = 13 = P+m-2.

T,:

Fig. 3.6
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3.2, CENTER OF DISTANCE CONVEX SIMPLE GRAPH

In this section/ we determine the center of d.c.s

graphs. Properties of centers of various type of graphs

have been discussed by Chang [23], Chepoi [30], Nieminen

[55], Prabir Das [63] and Proskurowski [64],

at
Th.„«. J.5. H O i. . Pl.»«

least four, then,

(1) O is self centered if diani(O) = 2.

(2) diam(G) = 2rad(G) or 2rad(G)-l, if dian,(G) > 2, C(G)
is isomorphic to or according as

dian.(G) = 2rad(G) or 2rad(G)-1.)"1 •

Proof: (1) Let G be a planar d.c.s. graph with dlan.(G) = 2.
,  C1 of Theorem 2.1 that rad(O) > 1.

It follows from Cl oi

rrl and hence C(G) = V(G).So rad(G) = diam(G) an

(2) Suppose diam(G) >

Case i: diam(G) = 2k, k
ufrt be such that d(u,v) = 2k and

Let u,v e V(g;

_ V be a shortest u-v path. Then by
u = a.-a -a,"•••"®2k

0  1 -^
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C1 and theorem 2.3, we get another u-v path

-a = V where a.' and a are partners foru - •■®2k-l 2k i ^

i ̂ 2 , 2k-l. Note that e(aj^) > rad(G) > k. Let w be

a vertex such that d(a,^ ,w) = e(a^). If w = u or v then
e(a ) = k, which implies e(a,^) = rad(G). Note that

k

e(a^) = e(a^).

If „ u, V suppose that I(v,w) contains a^ or aj^

(note that if I(v,w) contains a, it will contain a' also).
V  . j/- w) = k + e(a, ) < 2k. ThisThen d(v,w) = d(v,a^) + d(a^,wj

.  , ^ - k Similarly for I(u,w). Hence in theseimply that

,  X = rad(O). If neither I(u,w) nortwo cases e(a ) -k

.. these vertices, consider a shortest u-w pathI(v,w) contains tnese
.K Then using C1 and theorem 2.3 it canand shortest v-w path. Then

that there is a subgraph homeomorphic to K .be observed that tneic

)  = e(a') = k = rad(O), that is {a^, aj^} is
contained in C(0)

Hence ® k

we prove that these are only central
Now, we f

rf there is some other vertex, say c, in C(G)vertices. If

. < rad(G) and d(c,v) < rad(G). But, sincethen d(c,u) ^ fad(
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d(u,v, . 2r.d«=,, d(c,u, . d<c,,) . r.dW). Th„d«. ,.l •

„-v path .hlcl, id ditt.iPnt t).. t.o p.th. „.nli«P.d

P.rli.t. «P" " =•" '•

I.' *■ w is contained in G.homeomorphic to ^33

Hence C(G) =

j. = 2k+l for some k > 0.Case II: diam (G) - x

T  if u and V are such that d(u,v) = 2k+l andAs in the case I, it "

-a -a = V and u = •• •"®2k'®2k+l " "u =. aQ-®!'- • • ®2k 2k+l
.p. ih. td. 0i."»«'

'  1 which will induce sub9^^pl^
C{G) = {aj^ '^k + 1

□

isomorphic to .

^ , 4 Planar d.c.s. graphs resembles trees inRemark

t  relation and center-diameter relation.its radius-diameter relati
.  K or K according as diam(T) is 2rad(T)

For a tree T,C(T; i 2

PP 2p.d<T)-i. r.p . P>»°"
d<0, Id ii, =" "
dl.n,(C) id "•"I"' "
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3.3. CONVEXITY PROPERTIES OF PRODUCT OF GRAPHS

in this section, it is proved that the property of
IS Hot productlve. However,

being distance convex simple is not P

m.c.s graphs behave nicely.

.  G (p ,q ) andG,(P-,q,) be two distanceTheorem 3.6. Let 1 2 2

•  . nraphs. Then 0x0 has exactlyconvex simple grapn 1 2

.n +a +q +q q d-convex subsets.^1^2 1 2 1 2

Proof: Let

Claim: A = A^x AjA  where A^= {u:(u,v) € A} and

A
2

a  \ To prove that A.x A c A=  {v:(u,v) € A.}. ^ 1 ^

Let u € A^, V € A^-

such that ^

Let Uq-u^-..

-V ^ ' k
0  1 ^

Then there is a u^^s A^^ and v^,€ A^

and (u,Vq) e A.

-u -u be a shortest u^^-u path in 0^ and
^ -v be a shortest v^^-v path in O^ Then

(u ,v)-(u^,v)-(U2' '

,  , „ ) path. Hence (u,v) ̂  A. Therefore, A = A^xA^.
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if A is a trivial convex set in 0 forNow, even xt xs

A not be trivial. Thus the non triviali = 1,2, Aj^x Aj need not oe r
X V(G ). "here x is in V(Gj^),

convex subsets are {x} x I j
•  vfr 1 {X , X,) X V(G ) where

r  1 V is in ViG 2 2V(G ) X {y} where y 2

^  , , rv y } where y.y, ® E(G ) andX X, ̂  E(G^), V(G^) X 12 2
r  h^re x x e E(G ) and y{x,,x 1 X {y.-Vj} "here x^ 2 1

u ^nnvex sets are I ̂  ^ ^
Number of such

p X G is k-convex where
respectively. Hence G^^x j ^

k = P^ + P2+'Ji*'l2^''l''2'

^  r be connected, triangle free„  T-I- G and G n=
Theorem 3.7 I* ^ • _ ,.nnvex

.  _ 1 2 Then G x G is m-convex
,  - V for X - X,^' 1 z

graphs. ^ ° 2

simple.

K  be connected, triangle free graphs.
Proof: bet G^c» Kj' 2 „ - -v are chordless

_u and V -v, • • •
Note that, if "i'"2 "

. 0 respectively, then

(n ,v,)-("x'''2> •• •'!'"
,  ̂ )-(u ,v ) path in G^x Gj.

is a chordless (u^' n n>

^  « G is m-c-S'
TO 1 ^
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pr... th.t <«..) 1» "Cp- V '• "" "" """
l»o non.aj.c.nt v.rtic •»« <°2-'2'- """■ "

4-v.af fu ,v ) and (u ,v ) lie on acan be easily seen that ^ i' 2^ 2 1

chordless ~ ^^2'^ 2^ ^

•fV,r.nt loss of generality that (u,v) isAssume without loss

adjacent to

Let u be adjacent to and v = •

(u,v) O-
oCu^V^)

I

a = u_
n  2

I

pig. 3.7.

ji «ci u -u path say u -u-a . . .U is on any chordless P i l
^  (u V )-(a,,v 'en (u ,v )-(U'Vi' 1 1 , X , X

^  X path containing (u,v^) = (u,v).
ordless *^2' 2

.  not on any chordless path connectingassume that u is no

,„a u, (s« "»■ '
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Case 1. Vj and is not adjacent to •

Th.„ (Uj,Vj>-<«,Vj)...(».«;>(»iV-- <"2'"2' '= ■

(« V )-<u,,»2) P«'l> -on"'"'"' '"-"l' °

Case 2. is adjacent to v^.

Then there is vertex V3 in different from

V, G i K . Assume v to be adjacent to v^. Then,and V because 3

(u,v^)o

(u^,V3)<i

(u.V^)

(u^,Vi)

o(u,V2)

<l(Uj^,V2)

(u ,Vi) ^("2'V2)

Fig 3*®

(u ,v )-(U2'V3)•• 1 3 ■ t \
2 1 ^ s path containng (u,v)

chordless 1 ^

(See

Pig 3.8).
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That is

,r/ ^ ^11 V )>) c Co({ (u, , V ), (u , V )}) .(u,v) € Co({(u^/ ),(u^/ 2^^ 1 1 2 2

If V is adjacent to v , then
3  ̂

(u^,v^)-(u,v^)-(u,V2)-(U'V3^ ^ 1' 3 2 3 2 2

/  w )'-(u ,v ) path containingchordless ("j'̂ 2 2IS a

(U,V^) = (U/V).

/  ,r ^ = (u ,v,) and u is notcase 3. v^= • Then (u^-v^) («2' 1

adjacent to Uju  . since ^2 ̂  ̂l''^2 there are two vertices

,  1. V v}>is connected... .„d V, in 0 such that 'l',.",' ,>
3  4

and V . Then
Let be adjacent to 4

\-(u V )-(«'V W 4 2 4(u ,v 3
-(U2,V3)-(U2,V^)

IS a

h  V ) path containing
chordless 2' 1

(u,Vj^) = (U'V)

Now

, to V andv . (See Figure 3.9.)
hfl adjacent to 3,  let be aoj
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(u,v^)o

(u,v^) o

(u,v^) A

—  oCUj.Vj)

oCUj.v^)

d  T

-ACUjV^)

Fig 3.9

onthat (u,,v.) and («,,v^) lies
. 4. is clear thar v ^ 3

From Fig. 3.9. It because
„ath connecting

some chordless path
^  „ Thenadjacent to Uj-u  IS not ad3 „)-(u,v

^"l' 3' ^ .u
(u ) patn-

1. , chordl'" 1' ' ̂
Hence (u,v} ^ Co({(hi'^l^^ 2' 2^^'

•„ any case iHence, m any

X  is m.c.s.
2

«*inected triangle free^ - 1 2 be conneci-e"

»™ 3 0. . 4K then 0,* 0 is m.c.s
.  ̂.connected, ̂ 29^ Kl' ^ ^

phs, where Oits
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As inin the proof of theorem
2.16, let

(u ,v ) be two non adjacent vertices
2  2

of G X Gj.

i„ vl to be adjacent to
,  1. / ^ ^ r X G . Assume (u,v} to o j i iLet (u,v) € G^x ^2

A  ,1 is adjacent to u.Let u = and is au

.  i-o V , then as in
If is not adjacen 2

(u,v) € Co({(Uj,v^)(U2'V2)})-

the above theorem

case I. adjacent to v^-

(u,v,)

(n

Fi9 3.10

(a^,V2)

o' (a^,V2)

<"2'^^

Since 0 is 2-connec
ted.

there is a path connecting u and U2

distinct from the P
ath u-u^-- - -'"2
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Let it be u-aj^-a^. . .a^= u^- Then
(u^,v^)-(u,v^)-(u,V2)-(ai.V2)...(ajj,V2)-(u2,V2)

is a chordless path.

/  , \ ~ (m v) and u_ is notV = v^. Then (^2' 2^ ' ^ 2' 1
. . ̂ Since G K, there is a vertex adjacentadjacent to 2

Case II '2

to V.. Then

^  , ^-fa V )...(a .V-)-(u,V2)-(u2,v^) is a(Ui,Vi)-(u,v^)-(U'^2 1' 2 ^

chordless ( )"("j ' ^

.  .^iacent to V, and u = Uj^ •
Now let V be adDacen i

u  fu V )-(UwV )-(u ,v ) is a chordless
Then if V = then, ^ 2

,  „ \ = (u ,v).
path containing 2

,  are distinct vertices of and
If V V , then v,Vj an j!  the Ihente. hold. .. xn Th.ore.

hence G. ̂  H,on n is not
. V and V is adjacent to v^, then

3.7. Now if " *2
(See Fi9' 3-^^^'

adjacent to •

(Uo'V)
(UjfVi)®

Fig-
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In this case (u^,v^)-(u^,v)...(u2,v)-(U2,v^) is a
(Uj^,Vi)-(u2,v^) path containing (u^.v) = {u,v). a

fhat G is 2-connected is
Remark 3.5. The condition that

.. v4r.« o be K and O, to be a graph havingnecessary. For, taking Oj ''® "2 1

■  . fhen G X 0 , the copy of K °o'^'re®'^o"dlngto ca cut point Cf then 2

for G X G^ and hence G x G
will be a clique separator for x j 1 2

will not be m.c.s.

, n Tf G is an m.c.s graph and G^ is anyTheorem 3.9. i

G  X G« is m.c.s
co„„.ct.d ^

,  , ,,, .K ,
Proof: If - *^1' 1

0  17 G X G^ is m.c.s. □using theorem 2.ifr ^2If G 2= K, , then using
^  9 1


