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Abstract
A necessary and sufficient condition for the existence of a 2-connected (k,2)-convex graph is
obtained.

1. Introduction

In this paper we consider only finite, undirected graphs. We follow the notation and ter minology of Buck]
and Harary [1]. Convexity can be defined for the vertex set of agraph G =(V, E) in several ways. Pro
inently, A ¢ V isconvex if for all x,yin A, {z:zisin some xy geodesic < A ; and it isminimal path cc
vex (m-convex) if {z : zisin some chordless xv path} < A where achordless xy pathisapath P: X =X,

x,, =Yy such that no nonconsecutive verticesin P areadjacent in G. Since any shortest path is chordless
isobviousthat an m-convex subset of V isconvex. An example of a convex set that is not m-convex is sho'
in Figure 1. Several aspects of these types of convexities have been studied by Mulder [2], Farber [3], Dud
[4], and Bandelt [5]. An excellent survey has been made by Van de Vel [6].

y
Figurel: {x,y, z} isconvex but not m-convex Figure2

Inagraph G, the empty set, singletons, setsinducing complete subgraphs, and V(G) aretrivially convex.
an attempt to classify graphs accor ding to the number of nontrivial convex sets, Hebbare [7] called a gr:
(k,w)-convex if it has exactly k nontrivial convex setsand its clique number, the order of the largest cliq
isw.If k =1, thegraph issaid to be uniconvex [8]. (0,2)-convex graphs ar e called convex simple, if c
vexity is considered, or m-convex simple, if m-convexity is considered. Although every convex simple gr:
ism-convex simple, the converseisnot true (see Figure 2). Moreover, C, for n >4 and 0, for n>2are
convex simple but are not convex simple.

It isknown [9] that, for any given k a (k,2)-convex graph can he constructed for convexity. Here, we consi
only m-convexity and make some observations.

2. Main Results
Inaconnected graph G, S ¢V iscalled aseparator if G\S isdisconnected. Further, it isaclique separa
if (S) isaclique.

Theorem 2.1[10]: A graph G ism-convex simpleif and only if it has neither a nontrivial
cliguenor a clique separator. U
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Definition 2.1: A convex set in which no proper subset with cardinality at least threeis
conve, is called aminimal nontrivial convex set. |

Theorem 2.2: Let kK bea positive integer. Thefollowing are equivalent:
1) There exists a 2-connected (k,2)-convex graph.
2) Thereisablock graph H such that kK = IHJ ,H ={C cV(H):Cisconvex,C #0, VI

Proof:

1) 2): Let G bea 2-connected (k,2)-convex graph, and let C,, C,, ..., C, bethe minimal convex su
V.Let C,nC  §; Clearly, ]SUI 52for i j andsince S, is convex (Su) is aclique provide
nonempty.

Claim 1: Sy isaclique separator if and only if 1;1 = 2.
Let SU = {x,y} .SinceS. isconvex, X is adjacent toy.
Toprovethat S, isaseparator for G, suppose otherwise. Then each vertex of C,\Su isconnected to
in CJ\SU by some path in G\SU.Let ¢, EC, ¢,E C] ,andlet Co U p Up, ..., 4, c, be achordless c,
in G\S . Assume without loss of generality that u, & C, for k = 1,2, ...,1. SinceGistrianglefree,
adjacent to at least one vertex, say X of Sjp Note that ¢, and x are connected by some path. Thus, th

chordless c¢,x path that contains verticesnot in C;. This contradictsthefact that C, is convex. Hence 4
disconnected. The conver seis obvious because G is 2-connected.

Now form the.graph H with V(H) = ICy, C;, ..., C, } and C, adjacent to C, if C, C,isacliquese
Claim 2: H isablock graph.
If not, therewill beablock BinHand C,, €, E B such that C, isnot adjacent to C, in H. Assume with

of generality that d(C,, = 2andleti = |, J = 3.Let Cy, Cy, Czbeapath and sinceBisabloc
will be another chordless path Cs, Ca, ..., C -C, connecting C3and C1.
Let C,nC,,, =Sfor i=12 t,where+denotesaddition modulot. Now S; * S,

d(C,Cy) =2 SinceGistrianglefree, thereexistsx E S;, y E Sy such that xy € E(G) . Notethat x,
Now, since C,NC, # @, each C, induces a 2-connected triangle-free subgraph, X E C; and
Thus, we obtain a chordless xy path containing verticesnot in C2, a contradiction.

Notethat Cq, Cy, C  havethefollowing properties.

HIEC,n Cjisacliqueseparator,then C,u C] is convex.

1 C,n C], er\Ck, C, N C,areclique separators, then C,nCJ = CJan =C,nC,.

3) If d(C)) = a andif theneighborsof C, are pairwise nonadjacent, then (C)) has at |least & edges

Henceiit follows that, the convex subsets of G correspond to the connected subsets of H, which arep
the convex subsets.

2) 1): Let H beablock graph. Wecan construct atriangle-freegraph G' so that the convex subse!
correspond to the connected subsets of H. This can be done by replacing each vertex u of H by acoj
an m-convex simple graph G of sufficiently largesizein such away that G, nG,_

onlyifu, i =1,2, ...,r arein the sameblock of H. Observethat V(G,), Ue V(}i) areprecisely 1
imal nontrivial convex subsetsof G' . [ |

Coroallary: A graph G is (k,2)-convex only if there exists an n such that
(n--1)(n+2)y/2 kb52n-2 .

Proof: Follows from thefact that |H |isminimum when H isa path and maximum if it is a complet
|

Consequently, thereis no uniconvex graph.

Remark: The conver se of the above corollary isnot true; since, if K = 12 or 13, thereisno (k,2)
graph.
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