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Abstract. In this paper family of Uniformly Segregated Trees (UST) and some of
their properties are studied. The formulato find number of verticesfor each k-
segregated treeisfound. Theincreasein the number of verticesin Si7.. as of ver-
tices of degree m increaseis also determined. The method to construct higher (with
regard to maximum degree) k-segregated treesfrom the lower k-segregated treesis
discussed.
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1. Introduction

A Treeisa connected acyclic graph. The number of edgesincident to avertex is
degreeof that vertex. If d1,d,,. d.. aredegreesof verticesof a graph a sequence
of non negativeintegersd;, d,,.. ,dy isagraphic sequence or a degree sequence. A
graph isregular if all its vertices have the same degree. The eccentricity E(v) of a
vertex vinagraph G isthedistancefrom v tothevertex farthest fromvin G i.e,
E(v) = max,, . d(v,V;). A vertex with minimum eccentricity in agraph Giscalled
center of G. The eccentricity of a center (which isthe distance from the center of the
treetothefarthest vertex) in atreeisdefined astheradius of thetree. Order of G
(0(G)) isnumber of verticesin agraph G. In [1] a connected graph was defined to be
highly Irregular if each of itsverticesis adjacent only to verticeswith distinct degrees.
In [2] Jackson and Entringer extended this concept by considering those graphson
which every two adjacent vertices have distinct degrees and these graphs are named as
totally segregated.
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2. Uniformly segregated trees (UST)

DEFINITION 2.1. A Totally Segregated Tree T is called Uniformly Segregated Tree
(UST) if |[d(u) — d(v)|isanonzero constant Yuv E E(G). In particular if |d(u) —
d(v)| =Kk, T iscalled k-segregated tree.

PROPOSITION 2.2. Let T be a k-segregated tree with A(T") =n, thenn L mod k.

Proof Letubeavertex of degreenin T and v be any pendant vertex. On any
u-v path, the degree of verticesincrease or decrease by k, asit passes from one vertex
tothenext. Hence, 1 = deg (v) = n+ multiple of k. Hence, n = 1lmod k. O

Remark. Smallest k-segregated tree (w.r.t. no. of vertices) with maximum degreen is
denoted by SiT,.. In thiscase, the number of vertices of maximum degreenis 1. If
the number of vertex of maximum degreeis 1, that vertex iscalled root vertex.

Example. S, T3 Smallest 1-Segregated Tree with maximum degree 3 (Fig. 1).

Example. S3T4 Smallest 3-Segregated Tree with maximum degree 4 (Fig. 2).
THEOREM 2.3. Cartesian product of two k-segregated graphs is k-Segregated.

Proof Let G;, G, betwo k-segregated graph. In the Cartesian product G; X G,
(ui,vj) and (ul, vy, ) are adjacent iff w3 = uland are ‘adjacent or V3 = vy, and
u,, Uy areadjacent. If v, v, areadjacent in G2,,|d(v,) — d(vp)| =k and if  u,are
adjacent in G, |d(u,) d(u,)| =k since,G,, G, arek-segregated graphs.

Henceif (u,v,)and (ul,v,.)areadjacent in Gy x Ga; |d(u,,Vv,)  d(w,v,.)| =
k.0



3. Total number of vertices in k-segregated tree

PrROPOSITION 3.1. Total number of vertices in SiT., is

l+n+n(n K 1) +nn kK-1)(n-2k-1)
+Mhl+nn kK=1)(n-2k 1)...3kx 2k
+n(nk A1}n -2k Al)...3k x 2k x K

Proof Consider SiT... Inthistree, maximum degreeisn. Since number of
vertices having each degreeis minimum, number of verticesof degreenis 1. Since
degree of that vertex isn, n vertices are adjacent to the vertex of degree n. Since
degrees of adjacent vertices are segregated by K, thesen verticesare of degreen K.
Hence, number of verticesof degreen K = n. Consider onevertex of degreen k.
Out of itsn — K neighbours,n  k — 1 verticesare of degreen 2k and one vertex
isof degreen 2k = n(n — k — 1). Onevertex of degreen 2k hasn — 2k — 1
neighbours of degreen — 3k and one vertex of degreen — K. Hence, the number of
vertices of degreen 3k = n(n —k — 1)(n — 2k — 1), and so on.

Degree and number of vertices of SiT;, isshown in thetable:-

Degreeof Vertices Number of Vertices
N k
n— 2k n(n k —1)
n -3k n(n kKI1)(n 2k 1)
2k n(n k—1)(n-2k1)AAA x 3k x 2k
k nin—k—1)(n -2k = 1) AAAx 3k x 2k x k

Remark. If the number of verticesare not minimum, excess number of verticesis
to beincluded in the notation. In SiT;., if onevertex of degree m isincreased with out
changing maximum degree n vertex of degreem 2k is changed to vertex of degreem
and some mor e vertices of degree lessthan m, get added to make it k-segregated. We
denoteit by SkT,, ... For example, if in Si T4 one vertex of degree 4 isincreased,
theresulting UST isdenoted by Si Teo. In the same way, if one vertex of degree 3 is
increased in Si Tel), theresulting UST isdenoted by S1 Ty ze

Here, notethat it isnot possible to increase number of vertices of degree 1 and
1 + k alonewith out increasing vertices of higher degreein k-segregated tree. It is
decided according to number of vertices of degree 1 + 2k.

PROPOSITION 3.2. Increase in the no. of vertices in SkT,» as no. of vertices of degree
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m increase by 1 is

l+ml+(m-1)m-k-1)-1+ ((m 1)(Mm k-1)-1)(m-2k 1)
+ (M= 1)(M K 1) - 1)(m - 2k Al)m - 3k 1) +
(M=-1)(m-k-1)-1)(m2k 1) AAAx 2k
+(M-1)(Mk-1)-1)(m2k1)AAAx 2k x k

Proof. In general, degree and number of vertices of ST, asfollows, wheren = 1
mod K.

Degree of vertices Number of vertices
n k
n— 2k nn—-k-1)
n — 3k a(n—k —1)(n -2k — 1)
2k nn k—=1)(n—2k —1)--+x 3k x 2k
k n(n k-1)(n-2k 1) A--x 3k x 2k x k

In ST.., if the number of vertices of degreemisincreased by 1, wherem 1,
1 + Kk, newly formed vertex of degreem, generatem — 1 vertices of degreem — K
and remove | vertex of degreem — 2k, since vertex of degreem — 2k ischanged in to
vertex of degree m.
One vertex among m neighbours of degree m — K of newly formed vertex of degreem
was existed there before.
Hence, increased number of verticesof degreem k=m - 1.
Each newly generated vertex of degreem —Kkhasm k Al vertices of degree m — 2k.
But | vertex of degreem 2k isremoved, since vertex of degreem — 2k is changed
tovertex of degreem.
Increased number of verticesof degreem 2k = (m 1)(m k-1)--1
Each newly generated vertex of degreem — 2k hasm — 2k — 1 vertices of degree
m — 3k.
Increased number of vertices of degree
m-3k=((m-1)(m-k—-1) —1)(m—-2k 1)andsoon.
Hence, total increase of vertices

=14+m-1+(@in—-mM kAL AL+ (MAL)M-k 1)—1)(m-2k-1)
(m=1)(m-k—-1) — 1)(m 2k — 1)(m 3k - 1)
+ (M 1)(Mm =k 1) —1)m—2k —1)Akk x 2k
(m-1)(m k-1)—1)(m-2k-1) A Ax2kxk.
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Remark. Total number of verticesin §T;, is

1+n nn—-2)+nn—-2)(n-3)+
+n(n 2)(N 3)...3x2+4+n(n 2)(N-3)...3x2x 1.

4. Construction of SiT;, from ST, —1

DEFINITION 4.1. In SiT,., n branches are attached (joined by an edge) to root ver-
tex of degree n. If we remove all edges adjacent to root vertex in ST, it becomes
disconnected, and each component, called major branch of Si7... SiT,. hasn major
branches. If one major branch isremoved from S, T, the resulting tree, called major
bunch of major branches of Si7...1n a major bunch of major branches of S,T.. the
vertex whose neighbours has the same degree as thar gf the yertex, called sub root ver-

tex. Number of verticesin major branch of SiT.. is T T and number of vertices
in major bunch of major branches of SyT,, is

(O(SkT..)— 1)(n—1) e
n

RESULT 4.2. How to construct SiT,. from SpTp—1.

Procedure. Consider major bunch of major branches of Si.T,._; and takeitsn copies.
Add one vertex and make sub root vertex of each major bunch of major branches of
S T.._, adjacent to newly added vertex. Then we obtain Si7;..

Remark. Major bunch of major branches of SiT.. ismajor branch of SxT}, 1.

EXAMPLE 4.3. Construction of S, T, from S, T3.
Consider S, T3

Consider major bunch of major branches of S173



Take four copiesof it.

O

Add one vertex and make adjacent to the sub root vertex of 4 copies. Then we
obtain S1734.

PROPOSITION 4.4. Another method to find increase in the number of verticesin SiT,,
as number of vertices of degree mincrease by 1. In SiT5,, if weincrease number of
vertices of degree m by 1 with out increasing maximum degree n, the vertex of degree
n 2k ischanged to m. The effect in number of verticesisthat all vertices except sub
root vertex in major bunch of major branches of Si.T;,, is added, and all vertices except
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sub root vertex in major bunch of major branches of SiTy,—2k is subtracted. Hence
increase in number of verticesis

(O(SkTrm)~)(m~1)  (O(SkT...-26) — (M =2,k = 1)
m m 2k

When we simplify, we get the same formula asin Proposition 3.2.
PROPOSITION 4.5. Number of verticesin 1-Segregated Tree is always odd.
Proof Total number of vertices 1-Segregated Tree S1 T, is

l1+n+n(n 2)+n(n—-2)(n 3)+
nn—2)(Nn3)...3x2+n(n—-2)(n—3)...3x2x 1.

Inthisexpression, all except thefirst threetermsare even, since each term contains
product of at least two consecutiveintegers. If nisodd, 2nd and 3rd terms are odd.
Hencetheir sum iseven. So, sum of terms except the first term iseven. Thefirst term
is 1. Hence, thetotal number of verticesis even +1, which isodd. If niseven, all
terms except first term iseven. Hence, sum iseven +1, which isodd. Increasein the
number of vertices, asthe number of vertices of degreem increaseby 1, is

I1+m1+(m-)(mMm- =14+ (m-2)(Mm-2)—-1)(m-23)
+((MIDM=-2)—D(M—-3)(M—4) ++-++ -1)(m=-2)—1)(m -
X2+ (M=1)(M—=-2)—1)(Mm—3)eeex2x1

From this expression, we can easily seethat, thisisalways even for any m.

In thisexpression, all exceptthe first four termsare even, since each term contains
product of at least two consecutiveintegers. If misodd, thefirst four termsare odd.
Hence, their sumiseven. If miseven, 2nd and 4th termsare odd, and their sum is
even. 1st and 3rd termsare even and their sum iseven. Hence, increasein no. of
verticesis always even. Hence, total number of verticesin 1-Segregeted treeissum of
odd and even which isodd. Hence theresult. 0

PROPOSITION 4.6. Total number of verticesin 1-segregated treeis of the form 3 + 4Kk,
k=0,1,2,... or 1 +4k, k=5,,7,....

Proof Let maximum degree A = 2, only one 1-segregated tree existswith A = 2,
and itsorder is3. Let A =3, minimum number of vertices of 1-segregated tree
with A = 3(S,T3) is 7. Increase of number of vertices of degree 1 and 2 isnot
possible. When weincrease number of vertices of degree 3, number of verticesincrease
in arithmetic progression with common difference 4. Hence, total number of vertices
in that 1-segregated treeis7 + 4k, k = 0,1, 2,....Consider 1-segregated tree with
A =4, minimum number of vertices of 1-segregated treewith A = 4is21. When
we increase number of vertices of degree 3, number of verticesincreasein arithmetic
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progression with common difference 4. Hence, total number of verticesin that 1-
segregated treeis 21 +4k, k =0, 1, 2,...0On higher level (A =5, 6, .. .) total number
of verticesin 1-segregated treeisan odd number greater than 21. Asin Proposition 3.1,
number of verticesin 1-segregated treeisalwaysodd. 7+ 4k, k =0, 1, 2,...includes
all odd number greater than or equal to 21. It isnot possible that 1-segregated tree
have5, 9, 13, 17 asitsorder since 7 + 4k, k =0, 1, 2,...doesnot include5, 9, 13,
17. Hence, total number of verticesin 1-segregated treeis3+4k, k =0, 1, 2,...,0r
21+ 4k, k=0,1,2,. .Thatistotal number of verticesis3+4k,k =0, 1, 2,...0r
1+4k,k=05,6,. .Hencetheresult.0

Remark. Here, we summarise important facts about uniformly segregated trees.
Notei: P; theisonly path which isuniformly segregated.

Noteii: All starsare uniformly segregated trees.

Noteiii: Radius of S, T,, = half of diameter of Si.T,..

PROPOSITION 4.7. Radius of ST, is

Prof. In S;T,., vertex of degreeniscenter and n =1 mod k. i.e., n = sk +1. In
SkT.,., vertex of degreen — k isat distance 1 from the center, vertex of degreen 2k
isat distance 2 from the center, etc. Vertex of degree 1 (=n  sk) isat distance sfrom
thelcenter. Pendent vertex isfarthest vertex from the center. Henceradius of ST, is
n- , 0 1

5. Application

Water supply network can be easily represented by agraph G = (V, E) in which V
correspondsto n nodes and E correspondsto pipes of water system. If we design water
supply network in Sk T, pattern, we can fix number of channels from the sour ce point,
which isvertex of maximum degreein the graph, so asto get the required number of
destination points, at different distances from the sour ce point.
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